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Abstract

Machine unlearning algorithms aim to remove the impact of selected training
data from a model without the computational expenses of retraining from scratch.
Two first-order algorithms are “Descent-to-Delete" (D2D) and “Rewind-to-Delete"
(R2D), full-batch gradient descent algorithms that are black-box, easy to implement
and satisfy provable unlearning guarantees. In particular, the stochastic version
of D2D is widely implemented as the “finetuning" unlearning baseline, despite
lacking theoretical backing on nonconvex functions. In this work, we prove (ε, δ)
certified unlearning guarantees for stochastic R2D and D2D for strongly convex,
convex, and nonconvex loss functions, by analyzing unlearning through the lens of
disturbed or biased gradient systems, which may be contracting, semi-contracting,
or expansive respectively. Our argument relies on coupling the random behavior
of the unlearning and retraining trajectories, resulting in a tail probability bound
on the sensitivity that yields (ε, δ) unlearning. We determine that D2D can yield
tighter guarantees for strongly convex functions, but R2D is more appropriate for
convex and nonconvex functions. Finally, we compare the algorithms empirically,
demonstrating the strengths and weaknesses of each approach.

1 Introduction

Machine unlearning algorithms aim to remove the influence of specific data from a trained model
without retraining from scratch. First introduced in Cao and Yang [2015], machine unlearning has
attracted significant attention in recent years, driven by heightened concerns over user privacy, data
quality, and the energy expenditures of training massive deep learning models such as large language
models (LLMs). Regulatory pressures also play a role: provisions in the European Union’s General
Data Protection Regulation (GDPR), the California Consumer Privacy Act (CCPA), and the Canadian
Consumer Privacy Protection Act (CPPA), protect a user’s “right to be forgotten" by requiring that
individuals be able to request removal of their personal information, whether stored in databases or
retained by models (Sekhari et al. [2021]). Since it is impractical to retrain from scratch every time a
user requests removal of their data, we desire cost-saving methods for “forgetting" information from
models after training.

To mathematically characterize the extent of unlearning, a rich line of work investigates (ε, δ)-
certified unlearning algorithms, which are theoretically guaranteed to return model weights that are
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probabilistically indistinguishable to the weights obtained from retraining from scratch, defined in
Guo et al. [2020], Ginart et al. [2019]. This is typically achieved by bounding the distance between
the weights after unlearning and after retraining, and injecting appropriately calibrated Gaussian
noise, a technique from differential privacy (DP) known as the Gaussian mechanism (Dwork and Roth
[2014]). Such provable guarantees can be a powerful alternative to empirical metrics of unlearning,
which can be unreliable or misleading, as in Tu et al. [2025], Zhang et al. [2025].

However, many existing certified unlearning algorithms have limited practicality for modern deep
learning settings. The vast majority are either second-order methods that require access to the Hessian
(or Hessian vector products) as in Zhang et al. [2024], Qiao et al. [2025], Sekhari et al. [2021],
Suriyakumar and Wilson [2022], Guo et al. [2020] or first-order methods that require computing the
full gradient, as in Neel et al. [2021], Chien et al. [2024a], Mu and Klabjan [2026]. Both settings
are computationally intractable for large-scale models, which are typically trained with stochastic
gradient descent (SGD) algorithms. While two recent works are able to show certified unlearning
with stochastic gradients, they either prove a weaker version of certified unlearning, as in Koloskova
et al. [2025], or only apply to convex functions as in Chien et al. [2024b]. To reflect realistic practices,
we desire SGD-based unlearning algorithms for nonconvex functions.

With this goal in mind, we revisit two existing first-order certified unlearning algorithms: Descent-to-
Delete (D2D), Neel et al. [2021], designed for (strongly) convex loss functions, and Rewind-to-Delete
(R2D), Mu and Klabjan [2026], designed for nonconvex functions. Both algorithms perform learning
via full-batch gradient descent (GD). Upon unlearning, both perform additional GD steps on the
loss function of the retained dataset, but D2D “descends" from the final trained model, whereas
R2D “rewinds" to an earlier saved checkpoint during training before performing the unlearning steps.
Notably, although D2D is only theoretically supported for GD on strongly convex functions, its
stochastic version is the basis for the “finetuning" unlearning baseline method, which is implemented
in virtually all unlearning papers and is shown to underperform on deep neural networks. Mu and
Klabjan [2026] argue that rewinding, instead of descending, is a more appropriate baseline method
for nonconvex settings, but their analysis does not apply to stochastic gradients. Therefore, whether
the stochastic versions of these methods can provably unlearn is an important open question.

In this work, we prove that SGD versions of D2D and R2D, denoted as SGD-D2D and SGD-R2D
respectively, do achieve (ε, δ) certified unlearning, and we derive their privacy-utility-complexity
tradeoffs under looser assumptions than the original works. We first examine SGD-R2D with
projection, for which we can achieve clean guarantees with minimal assumptions on strongly convex,
convex, and nonconvex functions. On an unbounded domain, we can also prove certified unlearning
for SGD-R2D for strongly convex, convex, and nonconvex functions, assuming that the second
moment of the noise is relatively bounded and the loss is finite at initialization. Finally, we prove
(ε, δ) certified unlearning for SGD-D2D on strongly convex functions.

To analyze SGD-R2D, we leverage the properties of gradient systems to track the divergence between
the training and retraining trajectories. By characterizing SGD on the original loss function as
biased or disturbed SGD on the loss function of the retained data samples, we can achieve noise
bounds that reflect the contractive, semi-contractive, and expansive properties of strongly convex,
convex, and nonconvex functions respectively. For SGD-D2D, we leverage additional favorable
properties of biased SGD on strongly convex functions that allow the bias to be “folded into" the
classic convergence analysis, as long as the proportion of unlearned data is small enough. This
approach is completely different from the original proof in Neel et al. [2021], which considers a
highly constrained setting where the function is both strongly convex and Lipschitz continuous.

Our approach also relies on a key tail bound argument; by controlling the coupling between the
two randomized trajectories, we achieve a tail bound on the sensitivity, with respect to this joint
distribution. For projected SGD, we leverage Hoeffding’s inequality to achieve a tight tail bound
that scales advantageously with δ. For the unconstrained case, we can use Markov’s inequality in
combination with a first or second moment bound, leading to a weaker dependence on δ. This novel
technique allows a more flexible analysis of SGD algorithms, for which deterministic sensitivity
bounds, required by the classic Gaussian mechanism, can be challenging to obtain.

Our work reveals deeper insights into the difference between “rewinding" and “descending." On
strongly convex functions, SGD-D2D yields tighter probabilistic bounds than unconstrained SGD-
R2D. However, SGD-D2D is not guaranteed to be more efficient than retraining from scratch if
the initial point is sufficiently close to the global minimum. In contrast, SGD-R2D is always more
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Table 1: Comparison of first-order algorithms for certified unlearning.

Algorithm Method Noise Loss Function

D2D (Neel et al. [2021]) GD w/ regularization At the end Convex
R2D (Mu and Klabjan [2026]) GD At the end Nonconvex
Langevin Unlearning (Chien et al. [2024a]) Projected GD At every step Nonconvex
Langevin SGD (Chien et al. [2024b]) Projected SGD At every step Convex

PSGD-R2D (Theorem 4.3) Projected SGD At the end Nonconvex
SGD-R2D (Theorem 4.7) SGD At the end Nonconvex
SGD-D2D (Theorem 4.8) SGD At the end Strongly convex

efficient than retraining from scratch. In fact, for strongly convex functions and constant noise, the
number of unlearning iterations K is better than sublinear in T , the number of training iterations, as
K converges to a constant for arbitrarily large T .

We establish privacy-utility-complexity tradeoffs for SGD-R2D and SGD-D2D, which are easy to
implement and are “black-box," in that they only require noise injection at the end and do not require
special algorithmic procedures during training. In addition, we perform experiments demonstrating
the strengths of each approach, and illustrating that R2D can indeed circumvent the downsides of
D2D in nonconvex settings, such as stalling in a stationary point. Our contributions are as follows,

• We prove (ε, δ) certified unlearning for SGD-R2D with and without projection on strongly
convex, convex, and nonconvex loss functions.

• We prove (ε, δ) certified unlearning for SGD-D2D on strongly convex functions, using a
novel proof approach that circumvents the limiting assumptions of the original D2D work.

• We conduct experiments comparing SGD-R2D and SGD-D2D on real-world datasets,
confirming that rewinding is more appropriate for nonconvex settings.

Code is open-sourced at the anonymous GitHub repository https://anonymous.4open.science/
r/r2d2-3753/.

2 Related Work

Certified unlearning. The term machine unlearning was first coined in Cao and Yang [2015] to
address deterministic data deletion. The works Ginart et al. [2019], Guo et al. [2020] introduce a
probabilistic notion of unlearning that uses differential privacy to theoretically certify the level of
deletion. While there exists many second-order certified unlearning algorithms, as in Zhang et al.
[2024], Qiao et al. [2025], Sekhari et al. [2021], Suriyakumar and Wilson [2022], Basaran et al.
[2025], that require computation of the Hessian or Hessian vector-products, this work focuses on
first-order methods (Table 1), which only require access to the gradient and are far more tractable for
large-scale problems in terms of computation and storage. Existing first-order methods, detailed in
Table 1, include full gradient methods as well as two SGD methods which we now discuss in detail.
For additional discussion of related works, see Appendix C.

First, Chien et al. [2024b] analyzes noisy projected stochastic gradient descent and obtains theoretical
guarantees on strongly convex and convex functions, by leveraging the uniqueness of the limiting
distribution of the training process. However, their algorithm does not apply to nonconvex functions.
Second, Koloskova et al. [2025] proposes performing SGD with clipping, regularization, and noise on
the retain set during unlearning, which advantageously does not require the function to be Lipschitz
smooth or convex. However, their algorithm only satisfies a weaker “post-processing" definition of
unlearning, which ensures that the model obtained from unlearning one subset is indistinguishable
from the model obtained from unlearning another, as in Allouah et al. [2025], Sekhari et al. [2021],
Basaran et al. [2025]. In fact, since the analysis in Koloskova et al. [2025] relies on privacy
amplification by iteration (PABI), it likely cannot be extended to obtain the stronger result in this
paper, which achieves indistinguishability between the unlearned and retrained models. Both Chien
et al. [2024b] and Koloskova et al. [2025] require noise injection at every iteration. In contrast, the
D2D and R2D frameworks are “black-box" in that they only require noise once after training and once
after unlearning. Therefore, they can be applied to models trained without any special procedures.
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3 Algorithm

Let D = {z1, ..., zn} be a training dataset of n data points drawn from the data distribution Z .
Let A : Zn → Rd be a randomized learning algorithm that trains on D and outputs a model with
weight parameters θ ∈ Rd. Typically, the goal of a learning algorithm is to minimize LD(θ), the
empirical loss on D, defined as LD(θ) = 1

n

∑n
i=1 ℓ(zi; θ), where ℓ(zi; θ) represents the loss on

the sample zi. A standard approach for minimizing LD(θ) is gradient descent, where the iterates
are updated at time t as θt = θt−1 − η∇LD(θt−1). However, computing the full gradient can be
computationally intractable for large models and datasets, motivating SGD algorithms where at each
iteration t we uniformly sample Bt, a mini-batch of size b with replacement from D and construct a
random gradient estimator gBt(θ) =

1
b

∑
i∈Bt

∇ℓ(zi; θ), where E[gBt(θ)] = ∇LD(θ). Vanilla SGD
algorithms update θ with this gradient estimator:

θt = θt−1 − ηgBt
(θt−1). (1)

Finally, we project the iterates onto a nonempty and convex set C ⊆ Rd. When C = Rd, this is vanilla
SGD, and when C is closed, this is projected SGD (PSGD). We update θ as follows,

θt = ΠC(θt−1 − ηgBt(θt−1)), (2)

where ΠC(x) denotes the (unique) projection of θ onto C, ΠC(x) = argminx′∈C∥x− x′∥.

Let Z ⊂ D denote a subset of size m we would like to unlearn, which we call the unlearned set,
and let D′ = D\Z denote the retained set. Certified unlearning produces an unlearning algorithm U
that removes the influence of Z from the output of the learning algorithm A(D), such that the model
parameters obtained from U(A(D),D, Z) are probabilistically indistinguishable from the output of
A(D′). In particular, such algorithmic outputs are (ε, δ)-indistinguishable, a concept originating in
differential privacy.

Throughout, for a fixed dataset D and unlearning set Z, all probabilities and expectations are taken
with respect to the internal randomness of the learning and unlearning algorithms (mini-batch index
sampling and additive Gaussian noise). We assume that these random choices are generated from a
fixed distribution that does not depend on the data values in D.

Definition 3.1. (Dwork and Roth [2014], Neel et al. [2021]) Let X and Y be outputs of randomized
algorithms. We say X and Y are (ε, δ)-indistinguishable if for all S ⊆ Ω, we have

P[X ∈ S] ≤eεP[Y ∈ S] + δ,

P[Y ∈ S] ≤eεP[X ∈ S] + δ.

Definition 3.2. Let A be a randomized learning algorithm and U a randomized unlearning algorithm.
Then U is an (ε, δ) certified unlearning algorithm for A if for all Z ⊂ D, U(A(D),D, Z) and
A(D\Z) are (ε, δ)-indistinguishable with respect to the algorithmic randomization.

Now we describe the R2D and D2D unlearning frameworks. For both, the learning algorithm A
involves T training iterations on LD, and the unlearning algorithm U involves K iterations on LD′ .
The difference lies in the initialization of U : for R2D, U is initialized at the T − Kth iterate of
the learning trajectory, whereas for D2D, U is initialized at the T th or last iterate of the learning
trajectory. Finally, Gaussian noise is added at the end to achieve (ε, δ)-indistinguishability. These
frameworks are easily combined with various gradient methods, including SGD and PSGD.

Algorithms 3 and 4 represent the learning and unlearning algorithms for SGD-D2D, and Algorithms
1 and 2 represent the learning and unlearning algorithms for SGD-D2D. When C is a closed set, we
denote the algorithm as PSGD-R2D.

Our analysis relies on comparing the training iterates with the retraining iterates, denoted as θ′t =
ΠC(θ

′
t−1 − ηgB′

t
(θ′t−1)), where θ′0 = θ0 and B′

t is sampled from D′. Specifically, we have that
{θt}Tt=0 and {θ′t}Tt=0 represent the learning iterates on LD and LD′ respectively, both starting from
θ′0 = θ0. In addition, {θ′′t }Kt=0 represents the unlearning iterates on LD′ , where for D2D we have
θ′′0 = θT and for R2D we have θ′′0 = θT−K . The goal is to bound the distance between θ′T and θ′′K .
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Algorithm 1 A: SGD-R2D

Require: dataset D, initial point θ0, domain C
for t = 1, 2, ..., T do

Uniformly sample with replacement Bt ∼
D
θt = ΠC(θt−1 − ηgBt

(θt−1))
end for
Save checkpoint θT−K

Use θ̃ = θT + ξ, where ξ ∼ N (0, σ2), for
inference
Upon unlearning, execute Algorithm 2

Algorithm 2 U : SGD-R2D

Require: dataset D′, model checkpoint θT−K ,
domain C
θ′′0 = θT−K

for t = 1, ...,K do
Uniformly sample with replacement B′

t ∼
D′

θ′′t = ΠC(θ
′′
t−1 − ηgB′

t
(θ′′t−1))

end for
Use θ̃ = θ′′K + ξ′, where ξ′ ∼ N (0, σ2), for
inference

Algorithm 3 A: SGD-D2D

Require: dataset D, initial point θ0
for t = 1, 2, ..., T do

Uniformly sample with replacement Bt ∼
D
θt = θt−1 − ηgBt

(θt−1)
end for
Use θ̃ = θT + ξ, where ξ ∼ N (0, σ2), for
inference
Upon unlearning, execute Algorithm 4.

Algorithm 4 U : SGD-D2D

Require: dataset D′, model checkpoint θT
θ′′0 = θT
for t = 1, ...,K do

Uniformly sample with replacement B′
t ∼

D′

θ′′t = θ′′t−1 − ηgB′
t
(θ′′t−1)

end for
Use θ̃ = θ′′K + ξ′, where ξ′ ∼ N (0, σ2), for
inference

4 Analyses

For all proofs, we assume that the loss function ℓ is differentiable and Lipschitz smooth (Assumption
4.1), standard requirements for analyses of SGD algorithms.

Assumption 4.1. For all z ∈ Z , the function ℓ(z; θ) is differentiable in θ and Lipschitz smooth in θ
with constant L > 0 such that for any θ1, θ2 ∈ Rd, ∥∇ℓ(z; θ1)−∇ℓ(z; θ2)∥ ≤ L∥θ1 − θ2∥.

As highlighted in the introduction, our analysis relies on a key coupling argument leading to a tail
bound that holds with respect to this coupling. We couple the randomization (the “coin flips") of the
learning and unlearning algorithms to minimize the distances between θt and θ′t, as well as θ′t and θ′′t ,
by choosing the batches sampled at each time step so that they coincide as much as possible. This is
a standard technique in differential privacy, as in Abadi et al. [2016]. However, prior works evaluate
the deviation on the full datasets D and D′ and combine privacy amplification by subsampling with
noise at every step to achieve DP. In contrast, to maintain the output perturbation structure (which
is amenable to black-box unlearning), we evaluate the sensitivity over the coupling over all steps,
obtaining a tail bound on the sensitivity ∥θ′T − θ′′K∥ that holds over the joint distribution of the runs,
with probability 1− δ. This produces an (ε, 2δ) indistinguishability guarantee.

Lemma 4.2. Let x and y be random variables over some domain Ω, and let ξ, ξ′ be draws from the
Gaussian distribution N (0, σ2). Then for 0 < ε ≤ 1 and δ > 0, we have the following.

1. In general, if the tail bound exists such that P[∥ x − y ∥ ≥ Σ] ≤ δ, then X = x + ξ,

Y = y + ξ′, are (ϵ, 2δ)-indistinguishable if σ =
Σ
√

2 log(1.25/δ)

ε .

2. If the second moment of the distance between x and y is bounded as E[∥x − y∥2] ≤ Σ2,

then X = x+ ξ, Y = y + ξ′ are (ε, 2δ)-indistinguishable if σ = Σ
ε

√
2 log(1.25/δ)

δ .

3. If the first moment of the distance between x and y is bounded as E[∥x − y∥] ≤ Σ, then

X = x+ ξ, Y = y + ξ′ are (ε, 2δ)-indistinguishable if σ =
Σ
√

2 log(1.25/δ)

εδ .

Proof. See Appendix A.3.
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Lemma 4.2 preserves differential privacy because the algorithmic randomness (for SGD, the mini-
batch indices sampled uniformly from {1, ..., n}) does not depend on the actual data values. Like
classic DP methods, we require that the bound Σ also does not encode information about the
specific dataset, thereby preventing data leakage. We emphasize that our approach differs from
(ε, δ, γ)-random differential privacy (Hall et al. [2013], Rubinstein and Aldà [2017]), which considers
whether (ε, δ)-privacy holds with probability 1− γ with respect to the sampling of the dataset from a
well-behaved data distribution.

Broadly speaking, our analysis of the R2D framework relies on characterizing unlearning as biased
or disturbed SGD on a gradient system. The SGD iterates on LD are biased SGD iterates on
LD′ , where the unlearning bias is the difference between the gradients on LD and LD′ . Upon
unlearning, we perform unbiased SGD on LD′ . Our results on strongly convex, convex, and
nonconvex functions align with nonlinear contraction theory established in Kozachkov et al. [2023],
Sontag [2022] that predicts that θt and θ′t will stay close for perturbed contracting systems (strongly
convex functions), diverge linearly on perturbed semi-contracting systems (convex functions), and
diverge exponentially otherwise (nonconvex functions). Like in Mu and Klabjan [2026], rewinding
reverses the accumulation of these disturbances, drawing the unlearning and retraining trajectories
close. Moreover, rewinding erases the impact of noise during unlearning through tight coupling.

In contrast, the analysis of D2D relies on additional tricks available for the analysis of biased gradient
descent on strongly convex functions. By relying on the existence and attractivity of the global
minimum of strongly convex functions, we can leverage the faster convergence of biased SGD
algorithms to achieve a tighter second-moment bound that has a better dependence on δ.

4.1 PSGD-R2D: Rewinding with Projected SGD

We first consider projected SGD (PSGD) algorithms, for which we can achieve clean unlearning
guarantees with minimal assumptions and reasonable dependence on δ. In particular, in this setting
the gradient of the loss function is uniformly bounded over C. This allows us to leverage Hoeffding’s
inequality for sums of bounded independent random variables to achieve a tail bound that yields a
favorable dependence on δ.
Theorem 4.3. Suppose that the loss function ℓ satisfies Assumptions 4.1, and within the closed,
bounded, and convex set C ⊂ Rd, the gradient of ℓ is uniformly bounded by some constant G ≥ 0
such that for all z ∈ Z and θ ∈ C, ∥∇ℓ(z; θ)∥ ≤ G. We implement PSGD-R2D (Algorithms 1 and 2)

with σ =
Σ
√

2 log(1.25/δ)

ε . Then for 0 < ε ≤ 1 and 0 < δ ≤ 1
2 , PSGD-R2D is an (ε, 2δ)-unlearning

algorithm for the following choices of Σ.

• For general functions, we have

Σ = Gη

√
2((1 + ηL)2T − (1 + ηL)2K) log(1/δ)

(1 + ηL)2 − 1
+

2Gm((1 + ηL)T − (1 + ηL)K)

nL
.

• If ℓ is convex, then for η ≤ 2
L we have

Σ = Gη
√
2(T −K) log(1/δ) +

2Gηm

n
(T −K).

• If ℓ is µ-strongly convex (5), then for η ≤ µ
L2 and γ =

√
1− ηµ we have

Σ = Gη

√
2(γ2K − γ2T ) log(1/δ)

1− γ2
+

2Gηm(γK − γT )

n(1− γ)
.

Proof. See Appendix A.5.

Theorem 4.3 highlights the privacy-utility-complexity tradeoff of PSGD-R2D, through the relationship
between Σ, ε and K. We observe that for all settings, Σ decreases to zero as K increases from zero
to T , and it decays exponentially for strongly convex functions and linearly for convex functions.
For general nonconvex functions, Σ still decreases to zero as K goes to T , but at a slower rate. This
reflects the contractive, semi-contractive, and expansive properties of gradient algorithms on strongly
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convex, convex, and nonconvex functions respectively. We note that we require η small enough for
convex and strongly convex functions in order for contraction to occur on these systems, but no
conditions on η for general nonconvex functions, where trajectories diverge exponentially regardless
of η.

For strongly convex functions, we achieve K that is better than sublinear in T for constant noise; in
fact, it converges to a constant for large T , implying that T −K, the computational advantage of
unlearning, is potentially infinite as T goes to infinity.
Corollary 4.4. If ℓ is µ-strongly convex, then for any constant Σ we have that K converges to a
constant as T → ∞.

Proof. See Appendix A.5.1.

This implies that for a given level of privacy (ε, δ) and noise, the number of unlearning iterations
required is uniformly upper bounded even if the number of training iterations T is arbitrarily large.

4.2 SGD-R2D: Rewinding with SGD

Now we consider rewinding without projection. A key challenge of analyzing SGD unlearning
algorithms on an unbounded domain is that the noise and unlearning bias may also be unbounded.
We therefore require a reasonable assumption that the second moment of the stochastic gradient is
relatively bounded, as in Assumption 4.5.
Assumption 4.5. For all datasets D̃ ∼ Z , let gB(θ) represent the gradient estimator constructed
from a batch B ∼ D̃ uniformly sampled with replacement. Then the second moment of the gradient
estimator is relatively bounded with constants B,C ≥ 0 such that for all θ ∈ Rd,

E[∥gB(θ)∥2] ≤ B∥∇LD̃(θ)∥
2 + C. (3)

For finite-sum problems as considered in this work, Assumption 4.5 is satisfied by strongly convex
loss functions and functions that satisfy the Polyak–Łojasiewicz (PL) inequality, as established in
Khaled and Richtárik [2023], Garrigos and Gower [2024], Gower et al. [2021]. In particular, for
batch sampling with replacement, the constant B can be explicitly computed from L and the batch
size b, and the constant C can be estimated from how close the model is to interpolation, where
perfect interpolation (or overparametrization) implies C = 0.

The unlearning bias can be bounded by the χ2-divergence between the empirical distributions of
D and D′, denoted as PD and PD′ respectively (Lemma A.17 in the Appendix). This conveniently
enables the use of existing conditions on the noise like Assumption 4.5.

Finally, when we leverage the above rationale, we note that the accumulated bias and noise effects
during training can be upper bounded by the loss at initialization. To achieve a dataset-independent
result, we require the following assumption that the loss is finite at initialization for all z ∈ Z .
Assumption 4.6. For all z ∈ Z and θ ∈ Rd, ℓ(z; θ) ≥ 0. Moreover, the loss function is bounded at
initialization θ0 by some constant ℓθ0 , such that for all z ∈ Z , we have ℓ(z; θ0) ≤ ℓθ0 .

Assumption 4.6 is satisfied if the underlying support of the data distribution Z is bounded. With the
above stipulations, we are able to achieve SGD-R2D unlearning on unbounded domains as follows.
Theorem 4.7. Suppose that the loss function ℓ satisfies Assumptions 4.1, 4.5, and 4.6 and we

implement SGD-R2D (Algorithms 1 and 2) with C = Rd and σ =
Σ
√

2 log(1.25/δ)

εδ . Then for 0 < ε ≤ 1
and δ > 0, SGD-R2D is an (ε, 2δ)-unlearning algorithm for the following Σ.

• For general functions, we have

Σ = O(((1 + ηL)T − (1 + ηL)K)(T −K)1/2).

• If ℓ is convex, then for η ≤ 2
L we have

Σ = O((T −K)3/2).

• If ℓ is µ-strongly convex (5), then for η ≤ µ
L2 and γ =

√
1− ηµ we have

Σ = O((γK − γT )(T −K)1/2).
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For all statements, the O(·) notation hides dependencies on B, C, η, L, ℓθ0 , m, n, and µ.

Proof. See Appendix A.6.

For the unbounded setting, we rely on a weaker first-moment bound on ∥θ′T − θ′′K∥ with Lemma 4.2,
leading to a weaker dependence on δ compared to the projected setting.

4.3 D2D: Descending with SGD

Finally, we prove that SGD-D2D achieves certified unlearning. During training, the biased SGD
iterates {θt} converge to a neighborhood of θ∗

′
, the global minimum of LD′ , and upon unlearning,

the unbiased SGD iterates {θ′′t } converge closer to θ∗
′
. Our approach differs from the original D2D

proof, where Lipschitz continuity and strong convexity are combined to show that θ∗
′

is close to the
global minimum of LD, a property that does not hold outside of this highly constrained setting.
Theorem 4.8. Suppose that ℓ is µ-strongly convex and satisfies Assumptions 4.1, 4.5, and 4.6. Let

η ≤ 1
BL , m

n < 1
6B+1 , and T = K +

log(ℓθ0 )−log( 5C
4Bµ )

log( 1
1−ηµ/2

)
. Then for 0 < ε ≤ 1 and δ > 0, SGD-D2D

(Algorithms 3 and 4) is an (ε, 2δ)-certified unlearning algorithm with σ = Σ
ε

√
2 log(1.25/δ)

δ , where

Σ2 =
5C

µ2B
((1− ηµ

2
)2K + 2(1− ηµ

2
)K) +

4LηC

µ2
.

Proof. See Appendix A.7.

Theorem 4.8 shows that SGD-D2D can achieve certified unlearning as long as the proportion of
unlearned data is small enough, which allows the unlearning bias to be “folded into" the standard
unbiased SGD analysis, yielding linear convergence to the global minimum. The noise decays
exponentially with the number of unlearning iterates K. This mirrors the original D2D result in
Neel et al. [2021], but the stochastic setting yields an O(η) constant term at the end which cannot
be eliminated. Moreover, without the bounded gradient/Lipschitz smoothness assumption of Neel
et al. [2021], the computation advantage of unlearning, T −K, depends on the initialization; in fact,
if θ0 happens to be close enough to the optimum of LD′ , then unlearning may not be advantageous
at all. We note that while SGD-D2D can achieve a better dependence on δ than SGD-R2D without
projection, it is impossible to prove that it achieves unlearning on nonconvex functions.

5 Experiments

To reflect practical unlearning implementations, we conduct experiments to investigate the impact of
noiseless (σ = 0) rewinding vs. unlearning. We adopt the setup in Mu and Klabjan [2026] applied to
noiseless (σ = 0) PSGD instead of GD. We train a binary classifier with SGD and the cross-entropy
loss function, and we unlearn a subset of the data from the trained model. For small-scale experiments,
we use the eICU dataset in Pollard et al. [2018], a large multi-center intensive care unit (ICU) tabular
dataset, and we train a multilayer perceptron (MLP) with three hidden layers to predict whether
patients stay in the hospital for longer or shorter than a week, using their intake data. For large-scale
experiments, we consider the Lacuna-100 dataset used in Golatkar et al. [2020], constructed from the
VGGFace2 dataset (Cao et al. [2018]) and the MAAD-Face annotations (Terhörst et al. [2020]) as
described in Mu and Klabjan [2026], and we train a ResNet-18 model (He et al. [2016]) to perform
binary gender classification. In contrast to prior work, our experiments focus on examining the
difference between descending vs. rewinding. We considering varying K, or number of unlearning
iterations, and we evaluate the effects of D2D and R2D at the same level of computation and batch
size. Following the precedent in Zhang et al. [2024], we implement PSGD on a ball of radius R to
maintain the strictness of our results, while choosing R large enough to minimize impact on model
utility. For additional details, see Appendix B.

We evaluate unlearning efficacy using three metrics. First, we compute the L2 distance in parameter
space between unlearning and retraining, where better unlearning minimizes this distance. Second, we
consider the model performance on the unlearned dataset Z = Dunlearn before and after unlearning.
A decrease in performance suggests that the model is losing information about the unlearned samples.
Finally, we apply membership inference attacks (MIAs) which attempt to distinguish between
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Figure 1: Comparison of unlearning capabilities of noiseless (σ = 0) PSGD-R2D and PSGD-D2D.
The eICU results are in the top row and the Lacuna-100 results are in the bottom row. The left two
columns display the L2 distance from unlearning and the original model as the number of unlearning
iterations increases. The right two columns display the model performance on the unlearned, retained,
and test sets, denoted as Dunlearn, Dtrain, and Dtest respectively.

unlearned data and data that has never been in the training dataset. A less successful attack, indicated
by a lower Area Under the Receiver Operating Characteristic Curve (AUC), indicates that unlearning
is more successful. We utilize both the classic MIA from Shokri et al. [2017] that considers the model
outputs after unlearning as well as the more sophisticated unlearning MIA (MIA-U) from Chen et al.
[2021] which compares the model outputs before and after unlearning.

Figure 1 compares the first two unlearning metrics, L2 distance and model performance, for PSGD-
R2D and PSGD-D2D. Our two experimental settings illustrate varying practical outcomes of the
unlearning methods. For eICU, PSGD-R2D has a reliable outcome: the unlearned model moves
away from the original model and towards the retrained model. This is reflected in the L2 distance
as well as the model performance on Dunlearn, which decreases with increased rewinding even as
the performance on the retained and test sets remain constant. In contrast, PSGD-D2D causes the
model to progress away from both the original and retrained models. The model performance on
all data, including Dunlearn, improves, suggesting that the optimization algorithm has found a new
descent direction on the new loss function LD′ . For Lacuna-100, rewinding still reliably moves the
model away from the original trained model, but the L2 distance from the retrained model does not
change significantly. This may be because in the stochastic setting, PSGD-R2D is only theoretically
guaranteed to reduce the distance in expectation. However, PSGD-R2D does still reduce the model
performance on Dunlearn while keeping the performance on other sets constant. In contrast, PSGD-
D2D displays very little movement in parameter space or in model performance, suggesting that
it is stalled at a stationary point at initialization. Moreover, a large number of descent steps risks
overfitting, as shown in the decrease in performance on Dtest.

Figures 2a and 2b display the results of the MIAs. While the output of the MIAs can be highly
nonlinear (especially for non-i.i.d. data), in general more unlearning decreases the attack success,
especially for rewinding. Moreover, adding a small amount of noise tends to reduce the success of the
attack. Ultimately, we find that descent-based algorithms (including D2D, Chien et al. [2024b], and
Koloskova et al. [2023]) can either improve the model performance on all sets, which may obfuscate
whether unlearning has occurred, or it may stall at a stationary point. On the other hand, R2D has a
more reliable unlearning effect, but may not get any performance boost from unlearning.

6 Conclusion

In this work, we prove certified unlearning guarantees for SGD-R2D and SGD-D2D. Experiments
demonstrate the practical effects of each method.
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(a) Comparison of MIA success for R2D and D2D on
the eICU dataset.

(b) Comparison of MIA success for R2D and D2D on
the Lacuna-100 dataset.

Figure 2: Comparison of MIA success for R2D and D2D models across different datasets.
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A Proofs

A.1 Overview

In Appendix A.2, we list some helper lemmas that are standard results in probability and optimization.
In Appendix A.3, we prove the theorems governing the first or second moment sensitivity bounds,
which are used for all later proofs. In Appendix A.4, we establish the contractive, semi-contractive,
and expansive properties of gradient algorithms on strongly convex, convex, and nonconvex functions
respectively. These results, which reflect well-known behaviors of gradient systems, are essential for
proving unlearning for PSGD-R2D in Appendix A.5 and SGD-R2D in Appendix A.6. Finally, in
Appendix A.7, we prove unlearning for SGD-D2D, under the same unbounded domain conditions of
the analysis of SGD-R2D in the previous section.

A.2 Helper Lemmas and Definitions

In addition to general nonconvex functions, we analyze the cases of convex and strongly convex
functions, defined below in Definitions A.1 and A.2.
Definition A.1. For all z ∈ Z , the function ℓ(z; θ) is convex in θ such that for any θ1, θ2 ∈ Rd,

ℓ(z; θ1) ≥ ℓ(z; θ2) + ⟨∇ℓ(z; θ2), θ1 − θ2⟩. (4)

Definition A.2. For all z ∈ Z , the function ℓ(z; θ) is µ-strongly convex such that for any θ1, θ2 ∈ Rd,

ℓ(z; θ1) ≥ ℓ(z; θ2) +∇ℓ(z; θ2)
T (θ1 − θ2) +

µ

2
∥θ2 − θ1∥2. (5)

The following lemmas are standard results in probability and optimization which we utilize to obtain
the results in this paper.
Lemma A.3. Let C ⊂ Rd be a nonempty, closed, and convex set. For each θ ∈ Rd, let ΠC(θ) denote
the (unique) projection of θ onto C such that ΠC(x) = argminx′∈C∥x− x′∥.. Then the projection is
nonexpansive such that for all θ, θ′ ∈ Rd,

∥ΠC(θ)−ΠC(θ
′)∥ ≤ ∥θ − θ′∥. (6)

Lemma A.4. For constants a ≥ 0, b ≥ 0, we have
√
a+ b ≤

√
a+

√
b ≤

√
2(a+ b),

√
a+

√
b+

√
c ≤

√
3(a+ b+ c).

Proof. We can use the AM-GM inequality as follows.

(
√
a+

√
b)2 = a+ 2

√
ab+ b ≤ 2(a+ b).

Lemma A.5. Suppose X , Y are independent random variables over the same domain and E[X] = 0.
Then

E[∥X − Y ∥2] = E[∥X∥2] + E[∥Y ∥2].
Lemma A.6. Suppose for all z ∈ D, ℓ(z; θ) is L-Lipschitz smooth for all θ ∈ Rd. Then LD(θ) =
1
n

∑n
i=1 ℓ(z; θ) is also L-Lipschitz smooth in θ.

Lemma A.7. (Tower property of expectation) Let (Ω,F ,P) be a probability space and {Ft}t∈T a
filtration with Fs ⊆ Ft ⊆ F for s ≤ t. If the random variable X is integrable (E[|X|] < ∞), then
for all s ≤ t:

E[E[X | Ft] | Fs] = E[X | Fs] a.s.

The following lemmas pertain to functions that satisfy the Polyak–Łojasiewicz (PL) inequality. PL
functions can be nonconvex, and µ-strongly convex functions are also µ-PL.
Definition A.8. Let L : Rd → R be a differentiable function and denote L⋆ := infθ∈Rd L(θ). We
say that L satisfies the Polyak–Łojasiewicz (PL) inequality with parameter µ > 0 if

1

2
∥∇L(θ)∥2 ≥ µ

(
L(θ)− L⋆

)
for all θ ∈ Rd. (7)
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Lemma A.9. (Karimi et al. [2016]) Suppose a function L : Rd → R satisfies the PL inequality
(Definition A.8) with parameter µ > 0. Let X = argminθ∈Θ L(θ) represent the solution set of L,
and let θ∗ = ProjX (θ) = argminx∈X ∥x − θ∥. Then L satisfies the quadratic growth condition
such that

L(θ)− L(θ∗) ≥ µ

2
∥θ∗ − θ∥2 for all θ ∈ Rd. (8)

Lemma A.10. Let L(θ) be a L-Lipschitz smooth, µ-PL function. Then µ ≤ L.

Proof. Let θ∗ represent the global minima of L. Then by Lipschitz smoothness and the fact that
∇L(θ∗) = 0, we have for any θ ∈ Rd,

L(θ)− L(θ∗) ≤ L

2
∥θ − θ∗∥2.

Then by quadratic growth (8),
µ

2
∥θ − θ∗∥2 ≤ L

2
∥θ − θ∗∥2,

µ ≤ L.

A.3 Proof of Lemma 4.2

We prove the first part of Lemma 4.2. Then the second and third part follow through a Markov bound.
Lemma A.11. Let x and y be random variables over some domain Ω, and suppose

P[∥x− y∥ ≥ Σ] ≤ δ.

Let ξ, ξ′ be draws from the Gaussian distribution N (0, σ2). Then X = x + ξ, Y = y + ξ′ are
(ε, 2δ)-indistinguishable if

σ =
Σ
√

2 log(1.25/δ)

ε
.

Proof. Let E represent the event that ∥x − y∥ ≤ Σ, such that P[E] > 1 − δ and P[¬E] ≤ δ.
Then when E occurs, the standard Gaussian mechanism holds with sensitivity Σ, and we have for

σ =
Σ
√

2 log(1.25/δ)

ε ,

P[X ∈ S|E] ≤ eεP[Y ∈ S|E] + δ.

Without loss of generality, we have for S ⊂ Ω,

P[X ∈ S] =P[X ∈ S |E]P[E] + P[X ∈ S | ¬E]P[¬E]

≤P[X ∈ S |E]P[E] + δ

≤(eεP[Y ∈ S |E] + δ)P[E] + δ

≤eεP[Y ∈ S |E]P[E] + δ + δ

=eεP[E |Y ∈ S]P[Y ∈ S] + 2δ

≤eεP[Y ∈ S] + 2δ.

We note that independence is not required for Lemma A.11 to hold, as the bounds are true for arbitrary
joint distribution between x, y, X and Y .
Lemma A.12. Let x and y be random variables over some domain Ω, and suppose

E[∥x− y∥2] ≤ Σ2.

Let ξ, ξ′ be draws from the Gaussian distribution N (0, σ2). Then X = x + ξ, Y = y + ξ′ are
(ε, 2δ)-indistinguishable if

σ =
Σ

ε

√
2 log(1.25/δ)

δ
.

16



Proof. By Markov’s inequality, for any t > 0 we have the tail bound

P[∥x− y∥ > t] ≤ Σ2

t2
,

so for 0 < δ < 1,

P[∥x− y∥ >
Σ√
δ
] ≤ δ.

Lemma A.13. Let x and y be random variables over some domain Ω, and suppose

E[∥x− y∥] ≤ Σ.

Let ξ, ξ′ be draws from the Gaussian distribution N (0, σ2). Then X = x + ξ, Y = y + ξ′ are
(ε, 2δ)-indistinguishable if

σ =
Σ
√

2 log(1.25/δ)

εδ
.

Proof. By Markov’s inequality, for any t > 0 we obtain the tail bound

P[∥x− y∥ > t] ≤ Σ

t
,

so for 0 < δ < 1,

P[∥x− y∥ >
Σ

δ
] ≤ δ.

A.4 Contraction of gradient systems

Lemma A.14. Suppose ℓ satisfies Assumption 4.1. For some data sample z ∼ Z , we define the
gradient descent map as

T z
η (θ) = θ − η∇ℓ(z; θ).

1. For general L-smooth function ℓ, we have for all z ∈ Z
∥T z

η (θ)− T z
η (θ

′)∥ ≤ (1 + ηL)∥θ − θ′∥. (9)

2. If ℓ is convex and η ≤ 2
L , we have that the map is nonexpansive such that for all z ∈ Z

∥T z
η (θ)− T z

η (θ
′)∥ ≤ ∥θ − θ′∥. (10)

3. If ℓ is µ-strongly convex and η ≤ µ
L2 , we have that the map is contractive such that for all

z ∈ Z
∥T z

η (θ)− T z
η (θ

′)∥2 ≤ (1− µη)∥θ − θ′∥2. (11)

4. Finally, let D̃ ∼ Z represent a dataset of arbitrary size, and define the map

T D̃
η (θ) = θ − η

1

|D̃|

∑
z∈D̃

∇ℓ(z; θ).

If there exists γ > 0 such that ∥T z
η (θ)− T z

η (θ
′)∥ ≤ γ∥θ − θ′∥ for all z ∈ Z , then for all D̃

we have
∥T D̃

η (θ)− T D̃
η (θ′)∥ ≤ γ∥θ − θ′∥. (12)

Proof. To prove the first part (9), we have

∥T z
η (θ)− Tη(θ

′)∥ =∥θ − η∇ℓ(z; θ)− θ′ + η∇ℓ(z; θ′)∥
≤∥θ − θ′∥+ ∥η∇ℓ(z; θ)− η∇ℓ(z; θ′)∥

Assumption 4.1
≤ ∥θ − θ′∥+ ηL∥θ − θ′∥.
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To prove the second part (10), we use co-coercivity of convex and L-smooth functions such that for
θ, θ′ ∈ Θ

1

L
∥∇ℓ(z; θ)−∇ℓ(z; θ′)∥2 ≤ ⟨∇ℓ(z; θ)−∇ℓ(z; θ′), θ − θ′⟩.

We have

∥θ − η∇ℓ(z; θ)− θ′ + η∇ℓ(z; θ′)∥2 =∥θ − θ′∥2 − 2η⟨θ − θ′,∇ℓ(z; θ)−∇ℓ(z; θ′)⟩+ η2∥∇ℓ(z; θ)−∇ℓ(z; θ′)∥2

≤∥θ − θ′∥2 − 2η
1

L
∥∇ℓ(z; θ)−∇ℓ(z; θ′)∥2 + η2∥∇ℓ(z; θ)−∇ℓ(z; θ′)∥2

=∥θ − θ′∥2 − (2
η

L
− η2)∥∇ℓ(z; θ)−∇ℓ(z; θ′)∥2

≤∥θ − θ′∥2.

To prove the third part (11), if we know ℓ is µ-strongly convex, we know that

⟨θ − θ′,∇ℓ(z; θ)−∇ℓ(z; θ′)⟩ ≥ µ∥θ − θ′∥2.

We have

∥θ − η∇ℓ(z; θ)− θ′ + η∇ℓ(z; θ′)∥2 ≤∥θ − θ′∥2 − 2ηµ∥θ − θ′∥2 + η2L2∥θ − θ′∥2

≤(1− 2ηµ+ η2L2)∥θ − θ′∥2

η≤ µ

L2

≤ (1− ηµ)∥θ − θ′∥2.

Finally, to prove the last part (12), we have

∥T D̃
η (θ)− T D̃

η (θ′)∥ =∥θ − η
1

|D̃|

∑
z∈D̃

∇ℓ(z; θ)− θ′ + η
1

|D̃|

∑
z∈D̃

∇ℓ(z; θ′)∥

=∥ 1

|D̃|

∑
z∈D̃

[θ −∇ℓ(z; θ)− θ′ +∇ℓ(z; θ′)]∥

≤ 1

|D̃|

∑
z∈D̃

∥θ −∇ℓ(z; θ)− θ′ +∇ℓ(z; θ′)∥

=
1

|D̃|

∑
z∈D̃

∥T z
η (θ)− T z

η (θ
′)∥ ≤ γ∥θ − θ′∥.

Lemma A.15. Suppose there exists γ > 0 such that ∥T z
η (θ)− T z

η (θ
′)∥ ≤ γ∥θ − θ′∥ for all z ∈ Z .

Suppose wt, w′
t represent PSGD iterates (2) on the same loss function LD, and ∥w0 − w′

0∥ ≤ D.
Then there exists a coupling of {wt}t≥0, {w′

t}t≥0 such that for all t ≥ 0

∥wt − w′
t∥ ≤ γtD.

Moreover, the result also applies for SGD without projection.

Proof. We can couple {wt}t≥0 and {w′
t}t≥0 by choosing the same sampled mini-batch Bt at every

step, such that we have

∥wt − w′
t∥ =∥ΠC(wt−1 − ηgBt

(wt−1))−ΠC(w
′
t−1 − ηgBt

(w′
t−1))∥

(6)

≤∥wt−1 − ηgBt
(wt−1)− w′

t−1 + ηgBt
(w′

t−1)∥

=∥wt−1 − η
1

|Bt|
∑
z∈Bt

∇ℓ(z;wt−1)− w′
t−1 + η

1

|Bt|
∑
z∈Bt

∇ℓ(z;wt−1)∥

≤γ∥θ′T−K+t−1 − θ′′t−1∥.
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A.5 PSGD-R2D

In this section, we prove Theorem 4.3, which establishes certified unlearning for PSGD-R2D. We
define the iterates {θt}Tt=0, {θ′t}Tt=0, {θ′′t }Kt=0 as follows.

• {θt}Tt=0 represents the PSGD (2) learning iterates on LD, starting from θ0, where Bt ∼ D
and θt is updated as follows,

θt = ΠC(θt−1 − ηgBt
(θt−1)). (13)

• {θ′t}Tt=0 represents the learning iterates on LD′ , where θ′0 = θ0, B′
t ∼ D′, and θ′t is updated

as follows,

θ′t = ΠC(θ
′
t−1 − ηgB′

t
(θ′t−1)). (14)

• {θ′′t }Kt=0 represents the unlearning iterates on LD′ , where θ′′0 = θT−K , B′
t ∼ D′, and θ′′t is

updated as follows,

θ′′t = ΠC(θ
′′
t−1 − ηgB′

t
(θ′′t−1)). (15)

To prove Theorem 4.3, we derive a tail bound in Theorem A.16 by considering the accumulated
disturbances as a sum of independent bounded random variables, which produces a tail bound via
Hoeffding’s inequality of the form

P[∥θ′T − θ′′K∥ ≥ Σ] ≤ δ.

This can be combined with Lemma 4.2 to yield the (ε, δ) guarantee. We can determine Σ for
contracting, semi-contracting, and expanding systems, which correspond to strongly convex, convex,
and nonconvex loss functions (Lemma A.14).

Theorem A.16. Suppose the loss function ℓ satisfies Assumption 4.1 and within the closed, bounded,
and convex set C, the gradient of ℓ is uniformly bounded by some constant G ≥ 0 such that for all
z ∈ Z and θ ∈ C, ∥∇ℓ(z; θ)∥ ≤ G. Moreover, suppose for all z ∈ Z and for any θ, θ′ ∈ Rd, the
gradient descent map T z

η (θ) = θ − η∇ℓ(z; θ) satisfies the following property for some γ > 0,

∥T z
η (θ)− T z

η (θ
′)∥ ≤ γ∥θ − θ′∥. (16)

Let θt, θ′t and θ′′t denote the training, retraining, and unlearning iterates as defined in (13), (14) and
(15) respectively. If γ ̸= 1, there exists a coupling of θt, θ′t and θ′′t such that

P
[
∥θ′T − θ′′K∥ ≥ Gη

√
2(γ2K − γ2T ) log(1/δ)

1− γ2
+

2Gηm(γK − γT )

n(1− γ)

]
≤ δ,

and if γ = 1, then we have

P
[
∥θ′T − θ′′K∥ ≥Gη

√
2(T −K) log(1/δ) +

2Gηm

n
(T −K)

]
≤ δ,

where the probability is taken with respect to the resulting joint distribution of θt, θ′t and θ′′t .

Proof. We describe our coupling of {θt}Tt=0 and {θ′t}Tt=0. At each step t, we sample b data samples
uniformly with replacement to form batches. Let Bt = z1, z2, ..., zb and B′

t = z′1, z
′
2, ..., z

′
b represent

batches sampled at time t from D and D′ respectively. Because the batches are sampled with
replacement, we can treat each data sample as i.i.d. to one another (and drawing a particular sample
does not impact the distribution of the next). Moreover, at each time step t, we can choose a favorable
coupling of Bt and B′

t such that they contain the exact same samples except for when Bt contains
samples from the unlearned set. Specifically, for zi ∈ Bt, if zi ∈ D′, then z′i = zi. If zi /∈ D′, then z′i
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is simply some other point sampled uniformly from D′. With this coupling, we have

∥θt − θ′t∥ =∥ΠC(θt−1 − ηgBt
(θt−1))−ΠC(θ

′
t−1 − ηgB′

t
(θ′t−1))∥

(6)

≤∥θt−1 − ηgBt
(θt−1)− θ′t−1 + ηgB′

t
(θ′t−1)∥

=∥θt−1 − η
1

b

b∑
i=1

∇ℓ(zi; θt−1)− θ′t−1 + η
1

b

b∑
i=1

∇ℓ(z′i; θ
′
t−1)∥

≤∥θt−1 − η
1

b

b∑
i=1

∇ℓ(z′i; θt−1)− θ′t−1 + η
1

b

b∑
i=1

∇ℓ(z′i; θ
′
t−1)∥+

η

b
∥

b∑
i=1

(∇ℓ(zi; θt−1)−∇ℓ(z′i; θt−1))∥

(16) and Lemma A.14
≤ γ∥θt−1 − θ′t−1∥+

η

b

b∑
i=1

∥∇ℓ(zi; θt−1)−∇ℓ(z′i; θt−1)∥

Let di,t = ∇ℓ(zi; θt−1)−∇ℓ(z′i; θt−1). Then the recursive relationship evaluates to

∥θt − θ′t∥ ≤ η

b

t∑
τ=1

γt−τ
b∑

i=1

∥di,τ∥.

Under the coupling described above, we have that di,t = 0 with probability n−m
n . When zi belongs

to the unlearned set, which occurs with probability m
n , we can bound di.t as

∥di,t∥ ≤ 2G,

as the gradient is uniformly bounded. We can therefore define the independent binomial variables
Bt = Binom(b, m

n ), coupled to the random batch sampling such that

∥θt − θ′t∥ ≤ η

b

t∑
τ=1

γt−τ
b∑

i=1

∥di,τ∥ ≤ 2Gη

b

t∑
τ=1

γt−τBτ .

Since 0 ≤ γt−τBt ≤ γt−τ b uniformly, we can apply Hoeffding’s inequality to the sum St defined as
follows

St =

t∑
τ=1

γt−τBτ ,

E[St] =

t∑
τ=1

γt−τE[Bτ ] =

t∑
τ=1

γt−τ bm

n

and we have the following tail bound for all ∆ > 0

P[St ≥ ∆+ E[St]] ≤ exp(− 2∆2∑t
τ=1 γ

2(t−τ)b2
)

Therefore, we also have for some 0 < δ ≤ 1

P[St ≥

√√√√1

2

t∑
τ=1

γ2(t−τ)b2 log(1/δ) + E[St]] ≤ δ

P[St ≥

√√√√1

2

t∑
τ=1

γ2(t−τ)b2 log(1/δ) +
bm

n

t∑
τ=1

γt−τ ] ≤ δ,

From Lemma A.15, we have that we can choose a coupling of {θ′t}Tt=T−K , {θ′′t }Kt=0, such that

∥θ′T − θ′′K∥ ≤γK∥θ′T−K − θ′′0∥,
=γK∥θ′T−K − θT−K∥,

≤γK 2Gη

b
ST−K .
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Therefore, we can use the above bound to derive a tail bound for ∥θ′T − θ′′K∥

P
[
∥θ′T − θ′′K∥ ≥2GηγK

b

(√√√√1

2

T−K∑
τ=1

γ2(T−K−τ)b2 log(1/δ) +
bm

n

T−K∑
τ=1

γT−K−τ
)]

≤ δ,

P
[
∥θ′T − θ′′K∥ ≥2GηγK

(√√√√1

2

T−K∑
τ=1

γ2(T−K−τ) log(1/δ) +
m

n

T−K∑
τ=1

γT−K−τ
)]

≤ δ,

For γ ̸= 1, we have

P
[
∥θ′T − θ′′K∥ ≥GηγK

√
2(1− γ2(T−K)) log(1/δ)

1− γ2
+

2Gηm(γK − γT )

n(1− γ)

]
≤ δ

P
[
∥θ′T − θ′′K∥ ≥Gη

√
2(γ2K − γ2T ) log(1/δ)

1− γ2
+

2Gηm(γK − γT )

n(1− γ)

]
≤ δ

and for γ = 1, we have

P
[
∥θ′T − θ′′K∥ ≥Gη

√
2(T −K) log(1/δ) +

2Gηm

n
(T −K)

]
≤ δ.

Theorem A.16 can be combined with Lemma A.14 and Lemma 4.2/Lemma A.11 to yield the result
in Theorem 4.3.

A.5.1 Proof of Corollary 4.4

Proof. For fixed Σ, we have

Σ =Gη

√
2(γ2K − γ2T ) log(1/δ)

1− γ2
+

2Gηm(γK − γT )

n(1− γ)

=GηγK

√√√√2

T−K∑
τ=1

γ2(T−K−t) log(1/δ) +
2Gηm(γK − γT )

n(1− γ)

≤GηγK
T−K∑
τ=1

γT−K−t
√
2 log(1/δ) +

2Gηm(γK − γT )

n(1− γ)

=Gη(
γK − γT

1− γ
)
√

2 log(1/δ) +
2Gηm(γK − γT )

n(1− γ)

≤(
γK − γT

1− γ
)(Gη

√
2 log(1/δ) +

2Gηm

n
)

γK − γT ≥ Σ(1− γ)

Gη
√

2 log(1/δ) + 2Gηm
n

K log γ ≥ log(
Σ(1− γ)

Gη
√

2 log(1/δ) + 2Gηm
n

+ γT )

K ≤ 1

log γ
log(

Σ(1− γ)

Gη
√
2 log(1/δ) + 2Gηm

n

+ γT ) ≤ 1

log γ
log(

Σ(1− γ)

Gη
√
2 log(1/δ) + 2Gηm

n

),

where the last step uses the fact that Σ(1−γ)

Gη
√

2 log(1/δ)+ 2Gηm
n

≤ γK − γT ≤ 1 − γT . For small T ,

K increases at an approximately linear rate, but as T grows to infinity, K converges to a constant
value.

21



A.6 SGD-R2D

In this section, we prove Theorem 4.7, which establishes certified unlearning for SGD-R2D without
projection or bounded domain. We establish preliminaries and present Lemmas A.22 and A.18. We
then use those results to prove Theorem A.20, from which Theorem 4.7 directly follows. In Appendix
A.7.1, we prove Lemma A.22. In Appendix A.6.2, we prove Lemma A.6.2.

We define the iterates {θt}Tt=0, {θ′t}Tt=0, {θ′′t }Kt=0 as follows.

• {θt}Tt=0 represents the SGD (1) learning iterates on LD, starting from θ0, where Bt ∼ D
and θt is updated as follows,

θt = θt−1 − ηgBt
(θt−1). (17)

• {θ′t}Tt=0 represents the SGD learning iterates on LD′ , where θ′0 = θ0, B′
t ∼ D′ and θ′t is

updated as follows,
θ′t = θ′t−1 − ηgB′

t
(θ′t−1). (18)

• {θ′′t }Kt=0 represents the SGD unlearning iterates on LD′ , where θ′′0 = θT−K , B′
t ∼ D′, and

θ′′t is updated as follows,
θ′′t = θ′′t−1 − ηgB′

t
(θ′′t−1). (19)

To prove Theorem 4.7, we need to determine Σ such that E[∥θ′t − θ′′K∥] ≤ Σ. This result can be
combined with Lemma 4.2 to yield the (ε, δ) guarantee in Theorem 4.7. We can determine Σ for
contracting, semi-contracting, and expanding systems, which correspond to strongly convex, convex,
and nonconvex loss functions (Lemma A.14). This yields our final noise guarantees in Theorem 4.7.

As discussed in the main body, we require Lemma A.17, which bounds the unlearning bias in terms
of the second moment of the stochastic noise.
Lemma A.17. For all θ ∈ Rd, the unlearning bias is bounded as follows,

∥∇LD(θ)−∇LD′(θ)∥2 ≤ m

n−m
Ez∼D[∥∇ℓ(θ; z)∥2]. (20)

Proof. See Appendix A.6.1.

In addition, we require Lemma A.18, a classic result which states that assuming the noise is relatively
bounded (Assumption 4.5), the gradient norms of the unbiased SGD iterates are bounded. Lemma
A.17 and A.18 allow us to isolate and capture the accumulated disturbances from noise and bias,
which are upper bounded by a linear term in T and the loss at initialization. This can be combined
with Assumption 4.6 to achieve a dataset-independent bound.
Lemma A.18. (Convergence of SGD) Let θt represent SGD iterates (1) on a loss function LD.
Suppose Assumptions 4.1 and 4.5 are satisfied. Then for θt+1 = θt − ηgBt

(θt) and η ≤ 1
LB , we have

E[
T−1∑
t=0

∥∇LD(θt)∥2] ≤
2

η
(LD(θ0)− L∗

D) + LηCT.

Proof. See Appendix A.6.2.

We use the above results to prove the following Lemma A.19 that bounds the expected distance
between θ′t and θt.
Lemma A.19. Suppose that the loss function ℓ satisfies Assumption 4.1, 4.5, and 4.6. Moreover,
suppose for all z ∈ Z and for any θ, θ′ ∈ Rd, the gradient descent map T z

η (θ) = θ − η∇ℓ(z; θ)
satisfies the following property for some γ > 0,

∥T z
η (θ)− T z

η (θ
′)∥ ≤ γ∥θ − θ′∥. (21)

Let θt and θ′t denote the training and retraining from scratch iterates as defined in (17) and (18)
respectively. there exists a coupling of the iterates {θt}, {θ′t} such that for t ≥ 0 and γ ̸= 1, we have

E[∥θt − θ′t∥] ≤ η
1− γt

1− γ

(
3B

(
2

η
ℓθ0 + LηCt

)
(
3n−m

n−m
) + 6(

4n− 3m

n−m
)C

)1/2

.

If γ = 1, we have

E[∥θt − θ′t∥] ≤ ηt

(
3B

(
2

η
ℓθ0 + LηCt

)
(
3n−m

n−m
) + 6(

4n− 3m

n−m
)C

)1/2

.
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Proof. See Appendix A.6.3.

Lemma A.19 allows us to prove Theorem A.20, which can be combined with Lemma A.14 and
Lemma 4.2 to yield the result in Theorem 4.7.

Theorem A.20. Suppose that the loss function ℓ satisfies Assumptions 4.1, 4.5, and 4.6. Moreover,
suppose for all z ∈ Z and for any θ, θ′ ∈ Rd, the gradient descent map T z

η (θ) = θ − η∇ℓ(z; θ)
satisfies the property that for some γ > 0 ∥T z

η (θ)− T z
η (θ

′)∥ ≤ γ∥θ − θ′∥. Let θt, θ′t and θ′′t denote
the training, retraining, and unlearning iterates as defined in (17), (18) and (19) respectively. If
γ ̸= 1, there exists a coupling of θt, θ′t and θ′′t such that

E[∥θ′′K − θ′T ∥] ≤ η
γK − γT

1− γ

(
3B

(
2

η
ℓθ0 + LηC(T −K)

)
(
3n−m

n−m
) + 6(

4n− 3m

n−m
)C

)1/2

,

and if γ = 1, then we have

E[∥θ′′K − θ′T ∥] ≤ η(T −K)

(
3B

(
2

η
ℓθ0 + LηC(T −K)

)
(
3n−m

n−m
) + 6(

4n− 3m

n−m
)C

)1/2

,

where the expectation is taken with respect to the resulting joint distribution of θt, θ′t and θ′′t .

Proof. Lemma A.19 shows that the expected distance between θt, θ′t, is bounded as a function of t.
So for γ ̸= 1, we have

E[∥θT−K−θ′T−K∥] ≤ η
1− γT−K

1− γ

(
3B

(
2

η
ℓθ0 + LηC(T −K)

)
(
3n−m

n−m
) + 6(

4n− 3m

n−m
)C

)1/2

.

From Lemma A.15, we have that we can choose a coupling of {θ′t}Tt=T−K , {θ′′t }Kt=0, such that

∥θ′T − θ′′K∥ ≤γK∥θ′T−K − θ′′0∥,
E[∥θ′T − θ′′K∥] ≤γKE[∥θ′T−K − θ′′0∥],

≤η
γK − γT

1− γ

(
3B

(
2

η
ℓθ0 + LηC(T −K)

)
(
3n−m

n−m
) + 6(

4n− 3m

n−m
)C

)1/2

.

The same approach can be applied to the γ = 1 case, finishing our proof.

A.6.1 Proof of Lemma A.17

To bound the unlearning bias, we first require the following result from Polyanskiy and Wu [2025]
(Theorem 7.26 and Example 7.4), which follows from the Radon-Nikodym theorem and Cauchy-
Schwarz inequality.

Lemma A.21. Let P and Q be probability measures on a measurable space X such that P ≪ Q.
Then for any function f : X → R, we have

∥EP [f ]− EQ[f ]∥2 ≤ χ2(P∥Q) · VarQ(f),

where

χ2(P∥Q) =

∫
(w(x)− 1)

2
dQ(x)

and w(x) = dP
dQ (x) denotes the Radon-Nikodym derivative.

Now we can proceed with the proof of Lemma A.17.

Proof. In the following, we provide an explicit proof that does not require any prior knowledge for
easy understanding. However, we note that the result ultimately follows from defining the empirical
distributions of D and D′ as PD and PD′ , and applying Lemma A.21.
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Define w(x) as follows

w(x) =

{
n

n−m x ∈ D′,

0 x ∈ D\D′.
(22)

Then we can write ∇LD′(θ) in terms of w(zi) for all zi ∈ D′ as follows,

∇LD′(θ) =
1

n−m

n−m∑
i=1

∇ℓ(θ; zi) =
1

n

n∑
i=1

∇ℓ(θ; zi)w(zi).

Then for ∇LD(θ) =
1
n

∑n
i=1 ∇ℓ(θ; zi), we have

∥∇LD(θ)−∇LD′(θ)∥2 =∥ 1
n

n∑
i=1

∇ℓ(θ; zi)−
1

n

n∑
i=1

∇ℓ(θ; zi)w(zi)∥2,

=
1

n2
∥

n∑
i=1

∇ℓ(θ; zi)(1− w(zi))∥2.

By the Cauchy-Schwarz inequality, we have

∥∇LD(θ)−∇LD′(θ)∥2 ≤ 1

n2

n∑
i=1

∥∇ℓ(θ; zi)∥2
n∑

i=1

(1− w(zi))
2,

=
1

n

n∑
i=1

∥∇ℓ(θ; zi)∥2 ·
1

n
(m+ (n−m)(1− n

n−m
)2),

=Ez∼D[∥∇ℓ(θ; zi)∥2]
m

n−m
.

The theory underlying Lemma A.17 is that we use the second moment bound to write the difference
in terms of the χ2-divergence between PD and PD′ , where w(x) represents a discrete version of the
Radon Nikodym derivative dPD′

dPD
. The χ2-divergence then evaluates to m

n−m .

A.6.2 Proof of Lemma A.18

Proof. By Lipschitz smoothness (Lemma A.6), we have

LD(θt+1)− LD(θt) ≤ ∇LD(θt)
T (−η∇LD(θt) + ηξt) +

Lη2

2
∥g(θt)∥2

E[LD(θt+1)]− LD(θt) ≤ ∇LD(θt)
T (−η∇LD(θt)) +

Lη2

2
E[∥g(θt)∥2]

= −η∥∇LD(θt)∥2 +
Lη2

2
E[∥g(θt)∥2].

By Assumption 4.5 and η ≤ 1
LB , we have

E[LD(θt+1)]− LD(θt) ≤− η∥∇LD(θt)∥2 +
Lη2

2
(B∥∇L(θt)∥2 + C)

≤− η

2
∥∇LD(θt)∥2 +

Lη2

2
C

η

2
∥∇LD(θt)∥2 ≤LD(θt)− E[LD′(θt+1)] +

Lη2C

2
η

2
E[∥∇LD(θt)∥2] ≤E[E[LD(θt)]− E[E[LD′(θt+1)] +

Lη2C

2

η

2
E[

T−1∑
t=0

∥∇LD(θt)∥2] ≤LD(θ0)− L∗
D +

Lη2C

2
T.
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A.6.3 Proof of Lemma A.19

Proof. We can decompose ∥θt − θ′t∥ as follows,

E[∥θt − θ′t∥] ≤∥θt−1 − η∇LD′(θt−1)− θ′t−1 + η∇LD′(θ′t−1)∥︸ ︷︷ ︸
(1)

+η ∥∇LD′(θt−1)−∇LD(θt−1)∥︸ ︷︷ ︸
(2)

+ η E[∥gD′(θ′t−1)−∇LD′(θ′t−1)∥+ ∥gD(θt−1)−∇LD(θt−1)∥]︸ ︷︷ ︸
(3)

,

where (2) represents the unlearning bias and (3) represents the noise. By (21) and (12) of Lemma
A.14, we have

(1) ≤ γ∥θt−1 − θ′t−1∥.

By our bias bound (Lemma A.17) and relative noise bound assumption (Assumption 4.5), we have

(2) ≤ (
m

n−m
Ez∼D[∥∇ℓ(z; θt−1)∥2])1/2 ≤ (

m

n−m
(B∥∇LD(θt−1)∥2 + C))1/2.

We can also use Assumption 4.5 to bound the noise terms in (3) as follows,

(3) ≤ (B∥∇LD′(θ′t−1)∥2 + C)1/2 + (B∥∇LD(θt−1)∥2 + C)1/2.

Combining the above bounds and utilizing the fact that
√
a+ b ≤

√
a +

√
b and Lemma A.4, we

have

E[∥θt − θ′t∥] ≤γ∥θt−1 − θ′t−1∥+ η
√
B∥∇LD′(θ′t−1)∥+ η

√
2(

n

n−m
)B∥∇LD(θt−1)∥+ η

√
2(

4n− 3m

n−m
)C

E[∥θt − θ′t∥] ≤ηE

[
t∑

τ=1

γt−τ

(
√
B∥∇LD′(θ′τ−1)∥+

√
2(

n

n−m
)B∥∇LD(θτ−1)∥+

√
2(

4n− 3m

n−m
)C

)]

Cauchy−Schwarz

≤ η

√√√√ t∑
τ=1

γ2(t−τ)


√√√√B

t∑
τ=1

E[∥∇LD′(θ′τ−1)∥2] +

√√√√2(
n

n−m
)B

t∑
τ=1

E[∥∇LD(θτ−1)∥2]


+ η

√
2(

4n− 3m

n−m
)C

t∑
τ=1

γt−τ .

We observe that we can simplify the geometric sums such that

√√√√ t∑
τ=1

γ2(t−τ) ≤
t∑

τ=1

γt−τ =

t−1∑
τ=0

γτ .
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This is equal to 1−γt

1−γ when γ ̸= 1 and t when γ = 1. Plugging this back into the original equation
yields

E[∥θt − θ′t∥] ≤η

t−1∑
τ=0

γτ


√√√√B

t∑
τ=1

E[∥∇LD′(θ′τ−1)∥2] +

√√√√2(
n

n−m
)B

t∑
τ=1

E[∥∇LD(θτ−1)∥2] +
√

2(
4n− 3m

n−m
)C

 ,

Lemma A.18
≤ η

t−1∑
τ=0

γτ

(√
B

(
2

η
(LD′(θ0)− L∗

D′) + LηCt

)
+

√
2(

n

n−m
)B

(
2

η
(LD(θ0)− L∗

D) + LηCt

)

+

√
2(

4n− 3m

n−m
)C

)
Assumption 4.6

≤ η

t−1∑
τ=0

γτ

(√
B

(
2

η
ℓθ0 + LηCt

)
+

√
2(

n

n−m
)B

(
2

η
ℓθ0 + LηCt

)
+

√
2(

4n− 3m

n−m
)C

)
Lemma A.4

≤ η

t−1∑
τ=0

γτ

(
3

(
B

(
2

η
ℓθ0 + LηCt

)
(1 + 2(

n

n−m
)) + 2(

4n− 3m

n−m
)C

))1/2

=η

t−1∑
τ=0

γτ

(
3

(
B

(
2

η
ℓθ0 + LηCt

)
(
3n−m

n−m
) + 2(

4n− 3m

n−m
)C

))1/2

=η

t−1∑
τ=0

γτ

(
3B

(
2

η
ℓθ0 + LηCt

)
(
3n−m

n−m
) + 6(

4n− 3m

n−m
)C

)1/2

.

A.7 SGD-D2D

In this section, we prove Theorem 4.8, which establishes certified unlearning for SGD-D2D on
strongly convex functions. We first establish preliminaries and provide an overall proof sketch. In
Appendix A.7.1 we prove Lemma A.22, and in Appendix A.7.2 we prove Lemma A.23, which are
necessary for achieving the final result. Finally, in Appendix A.7.3, we finish the proof of Theorem
4.8.

We define the iterates {θt}Tt=0, {θ′t}Tt=0, {θ′′t }Kt=0 as follows.

• {θt}Tt=0 represents the SGD (1) learning iterates on LD, starting from θ0, where Bt ∼ D
and θt is updated as follows,

θt = θt−1 − ηgBt(θt−1). (23)

• {θ′t}Tt=0 represents the SGD learning iterates on LD′ , where θ′0 = θ0, B′
t ∼ D′, and θ′t is

updated as follows,
θ′t = θ′t−1 − ηgB′

t
(θ′t−1). (24)

• {θ′′t }Kt=0 represents the SGD unlearning iterates on LD′ , where θ′′0 = θT , B′
t ∼ D′, and θ′′t

is updated as follows,
θ′′t = θ′′t−1 − ηgB′

t
(θ′′t−1). (25)

The first step of the proof is to show that during training the biased SGD iterates {θt}Tt=0 will contract
to be within some neighborhood of θ∗

′
, the optimum of LD′ (Lemma A.23). This result replicates the

general result in Ajalloeian and Stich [2020] showing linear convergence of biased SGD as long as
the following conditions hold: i) the loss function is PL and Lipschitz smooth, ii) the noise satisfies a
(relative) bound as in Assumption 4.5, and iii) there exists constants D ≥ 0, 0 ≤ M < 1, such that
the bias at time step t, denoted as dt, is relatively bounded as follows,

∥dt∥2 ≤ M∥∇LD′(θ)∥2 +D. (26)

We show that we satisfy the bias bound condition (26) if the proportion of unlearned data is small
enough in Lemma A.22.
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Lemma A.22. Suppose that Assumption 4.5 holds and m
n ≤ 1

6B+1 . Then for all θ ∈ Rd, the
unlearning bias is bounded as follows,

∥∇LD(θ)−∇LD′(θ)∥2 ≤ 1

2
∥∇LD′(θ)∥2 + C

4B
. (27)

Proof. See Appendix A.7.1.

Lemma A.23. Consider the SGD algorithm on LD as defined in (23), and let L∗
D′ represent the

minimum value of LD′ . Suppose that η ≤ 1
BL and m

n < 1
6B+1 . Then we have

E[LD′(θT )]− L∗
D′ ≤ (1− ηµ

2
)T (LD′(θ0)− L∗

D′) +
C

4Bµ
+

LηC

µ
,

where the expectation is taken with respect to the underlying randomization of {θt}Tt=0.

Proof. See Appendix A.7.2.

The second step is to show that the unbiased SGD iterates {θ′t}Tt=0 also converge close to θ∗
′

through
the classic convergence analysis. Finally, the last step is to show that during unlearning, the unbiased
SGD iterates {θ′′t }Kt=0 will converge closer θ∗

′
, closing the gap up to some neighborhood determined

by the stochasticity. By tracking the progress of the loss value LD′ and leveraging the quadratic
growth condition (8), we achieve a second-moment bound on ∥θ′T − θ′′K∥, which can be combined
with Lemma 4.2 to yield (ε, δ)-indistinguishability. In Appendix A.7.3, we carry out these proof
components to achieve the result in Theorem 4.8. This approach is unique to strongly convex
functions and cannot be achieved for convex and nonconvex functions.

A.7.1 Proof of Lemma A.22

Proof. Combining Lemma A.17 with Assumption 4.5, we have

∥∇LD(θ)−∇LD′(θ)∥2 ≤ m

n−m
(B∥∇LD(θ)∥2 + C),

=
m

n−m
(B∥∇LD(θ)−∇LD′(θ) +∇LD′(θ)∥2 + C),

∥a+b∥2≤2∥a∥2+2∥b∥2

≤ m

n−m
(2B∥∇LD′(θ)∥2 + 2B∥∇LD(θ)−∇LD′(θ)∥2 + C)

(1− 2Bm

n−m
)∥∇LD(θ)−∇LD′(θ)∥2 ≤ 2Bm

n−m
∥∇LD′(θ)∥2 + Cm

n−m

∥∇LD(θ)−∇LD′(θ)∥2 ≤ 2Bm

n−m− 2Bm
∥∇LD′(θ)∥2 + Cm

n−m− 2Bm
,

where in the last step, the inequality is maintained after dividing both sides by 1− 2Bm
n−m , which is

positive since m
n < 1

6B+1 ≤ 1
2B+1 . We note that 2Bm

n−m−2Bm ≤ 1
2 , which can be used to simplify to

the final result.

A.7.2 Proof of Lemma A.23

Proof. We define the bias term dt and zero-mean noise term ξt as

dt = ∇LD′(θt)−∇LD(θt)

ξt = ∇LD(θt)− g(θt).

Let {Ft}t≥0 = {σ(ξ0, ..., ξt−1)}t≥0 denote the natural filtration adapted to ξt such that θt is Ft-
measurable and we have

E[ξt | Ft] = E[∇LD(θt)− g(θt) | Ft] = 0.
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By Lipschitz smoothness (Lemma A.6), we have

LD′(θt+1)− LD′(θt) ≤∇LD′(θt)
T (−η∇LD′(θt) + ηdt + ηξt) +

Lη2

2
∥g(θt)∥2,

E[LD′(θt+1) | Ft]− LD′(θt) ≤∇LD′(θt)
T (−η∇LD′(θt) + ηdt) +

Lη2

2
E[∥g(θt)∥2 | Ft],

Assumption 4.5
≤ ∇LD′(θt)

T (−η∇LD′(θt) + ηdt) +
Lη2

2
(B∥∇LD(θt)∥2 + C),

=∇LD′(θt)
T (−η∇LD′(θt) + ηdt) +

Lη2

2
(B∥∇LD′(θt) + dt∥2 + C),

=− η∇LD′(θt)
T (∇LD′(θt) + dt) +

Lη2B

2
∥∇LD′(θt) + dt∥2 +

Lη2C

2
,

η≤ 1
BL

≤ − η∇LD′(θt)
T (∇LD′(θt) + dt) +

η

2
∥∇LD′(θt) + dt∥2 +

Lη2C

2
.

By the fact that ∥a+ b∥2 − 2aT (a+ b) = −∥a∥2 + ∥b∥2, the bias cross term ∇LD′(θt)
T dt can get

“folded" into the norm squared of dt, which is bounded away with Lemma A.22. We have

E[LD′(θt+1) | Ft]− LD′(θt) ≤
η

2
(−2∇LD′(θt)

T (∇LD′(θt) + dt) + ∥∇LD′(θt) + dt∥2) +
Lη2C

2
,

=− η

2
∥∇LD′(θt)∥2 +

η

2
∥dt∥2 +

Lη2C

2
.

Assuming that m
n ≤ 1

1+6B , we can bound the bias term by Lemma A.22 as follows,

E[LD′(θt+1) | Ft]− LD′(θt)
Lemma A.22

≤ − η

2
∥∇LD′(θt)∥2 +

η

2
(
1

2
∥LD′(θ)∥2 + C

4B
) +

Lη2C

2
,

≤− η

4
∥∇LD′(θt)∥2 +

ηC

8B
+

Lη2C

2
.

We can use the Polyak–Łojasiewicz (PL) property of strongly convex functions (Assumption A.2 and
Definition A.8) to bound in terms of L∗

D′ = infθ∈Rd LD′(θ).

E[LD′(θt+1) | Ft]− LD′(θt)
Assumption A.2

≤ − η

2
µ(LD′(θt)− L∗

D′) +
ηC

8B
+

Lη2C

2
,

E[LD′(θt+1) | Ft]− L∗
D′ ≤(1− ηµ

2
)(LD′(θt)− L∗

D′) +
ηC

8B
+

Lη2C

2
,

E[LD′(θt)]− L∗
D′

Lemma A.7
≤ (1− ηµ

2
)t(LD′(θ0)− L∗

D′) + η(
C

8B
+

LηC

2
)

t−1∑
i=0

(1− ηµ

2
)i,

≤(1− ηµ

2
)t(LD′(θ0)− L∗

D′) +
2

µ
(
C

8B
+

LηC

2
),

≤(1− ηµ

2
)t(LD′(θ0)− L∗

D′) +
C

4Bµ
+

LηC

µ
,

where in the second to last step we upper bound the geometric series
∑t−1

i=0(1−
ηµ
2 )i.

A.7.3 Proof of Theorem 4.8

Proof. We can analyze the linear convergence of θ′t on LD′ as follows,

LD′(θ′t+1)− LD′(θ′t) ≤∇LD′(θ′t)
T (−ηgB′(θ′t)) +

Lη2

2
∥gB′(θ′t)∥2

E[LD′(θt+1) | Ft]− LD′(θt) ≤∇LD′(θt)
T (−η∇LD′(θt)) +

Lη2

2
E[∥gB′(θt)∥2 | Ft].

Assumption 4.5
≤ ∇LD′(θt)

T (−η∇LD′(θt)) +
Lη2

2
(B∥∇LD′(θ)∥2 + C)

=− η∥∇LD′(θt)∥2 +
Lη2B

2
∥∇LD′(θ)∥2 + Lη2C

2
.
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Let η ≤ 1
BL , then we have

E[LD′(θ′t+1) | Ft]− LD′(θ′t) ≤− η

2
∥∇LD′(θ′t)∥2 +

Lη2C

2
,

Definition A.8
≤ − ηµ(LD′(θ′t)− L∗

D′) +
Lη2C

2
,

E[LD′(θ′t)]− L∗
D′ ≤(1− ηµ)t(LD′(θ′0)− L∗

D′) +
Lη2C

2

t−1∑
i=0

(1− ηµ)i,

E[LD′(θ′t)]− L∗
D′ ≤(1− ηµ)t(LD′(θ′0)− L∗

D′) +
LηC

2µ
,

≤(1− ηµ

2
)t(LD′(θ′0)− L∗

D′) +
LηC

2µ
,

E[LD′(θ′T )]− L∗
D′

Assumption 4.6
≤ (1− ηµ

2
)T ℓθ0 +

LηC

2µ
.

Now we analyze the linear convergence of θ′′t on LD′ , leading to a similar result depending on
E[LD′(θ′′0 )]− L∗

D′ . This allows us to plug in the results from Lemma A.23. We have

E[LD′(θ′′K)]− L∗
D′ ≤(1− ηµ)K(E[LD′(θ′′0 )]− L∗

D′) +
LηC

2µ
,

=(1− ηµ)K(E[LD′(θT )]− L∗
D′) +

LηC

2µ
,

Lemma A.23
≤ (1− ηµ)K((1− ηµ

2
)T (LD′(θ0)− L∗

D′) +
C

4Bµ
+

LηC

µ
) +

LηC

2µ
,

η≤ 1
BL

≤ (1− ηµ

2
)K((1− ηµ

2
)T (LD′(θ0)− L∗

D′) +
5C

4Bµ
) +

LηC

2µ
,

Assumption 4.6
≤ (1− ηµ

2
)K((1− ηµ

2
)T ℓθ0 +

5C

4Bµ
) +

LηC

2µ
.

Let

T = K +
log(ℓθ0)− log( 5C

4Bµ )

log( 1
1−ηµ/2 )

,

then we have

E[LD′(θ′′K)]− L∗
D′ ≤ (

5C

4Bµ
)((1− ηµ

2
)2K + (1− ηµ

2
)K) +

LηC

2µ
,

E[LD′(θ′T )]− L∗
D′ ≤ (

5C

4Bµ
)(1− ηµ

2
)K +

LηC

2µ
.

By quadratic growth (Lemma A.9), we have

E[∥θ′′K − θ′T ∥2] ≤2E[∥θ′′K − θ∗
′
∥2] + 2E[∥θ′T − θ∗

′
∥2],

≤ 4

µ
(E[LD′(θ′′K)]− LD′) +

4

µ
(E[LD′(θ′T )]− LD′),

≤ 4

µ
((

5C

4Bµ
)((1− ηµ

2
)2K + 2(1− ηµ

2
)K) +

LηC

µ
),

where the expectation is taken with respect to the random implementations of the unlearning algorithm
producing θ′′K and the learning algorithm θ′T . Let

Σ2 =
5C

Bµ2
((1− ηµ

2
)2K + 2(1− ηµ

2
)K) +

4LηC

µ2
.

Then by Lemma 4.2, we obtain (ε, 2δ)-certified unlearning if the noise is scaled as

σ =
Σ

ε

√
2 log(1.25/δ)

δ
.
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B Experiments

B.1 Implementation Details

We follow the experimental setup for unlearning detailed in Section 4.1 and Appendix B of Mu and
Klabjan [2026], including dataset preparation, model architecture, unlearning procedure, and MIA
implementations. We implement PSGD by projecting iterates onto a ball of radius R centered on
the origin. We use the hyperparameters listed in Table 2. Code is open-sourced at the anonymous
GitHub repository https://anonymous.4open.science/r/r2d2-3753/.

All experiments were run using PyTorch 2.5.0 and CUDA 12.1, on an Intel(R) Core(TM) i7-6850K
CPU (3.60GHz) with an NVIDIA GeForce GTX 1080 GPU (8 GB VRAM) or on an Intel(R) Xeon(R)
Silver 4208 CPU (2.10GHz) with an NVIDIA RTX A6000 GPU (48 GB).

Table 2: R2D Experiment parameters for the eICU and Lacuna-100 datasets.
Parameter eICU and MLP Lacuna-100 and ResNet-18
Size of training dataset n 94449 32000
Number of users 119282 100
Percent data unlearned ∼ 1% ∼ 2%
Number of model parameters d 136386 11160258
Batch size 64 64
L 0.059955
G 0.820322
η 0.001 0.01
Number of training epochs 48 43
R 10 50

B.2 Hyperparameters Selection

We conduct additional experiments to ensure appropriate choices of projection radius R and batch
size b. For R, following the precedent in Zhang et al. [2024], we implement projected SGD on a ball
with radius R large enough to minimize impact on model utility. We assess this by examining the
training loss and error for varying choices of R. For these experiments, we train the model (with
batch size b = 64) and perform model selection of the parameters with lowest validation loss. As
shown in Table 3, the choices of R = 10 and R = 50 for eICU and Lacuna-100 are have minimal
impact on model performance.

For the batch size b, we desire a batch size that is small enough to highlight the effects of stochasticity
but large enough so that training is stable enough to yield good model performance. We consider
the training and test loss for varying choices of b, where for each the model is trained with the
same number of iterations. Tables 4 and 5 demonstrate the impact of varying batch sizes on the
performance on the validation and training sets.

Table 3: Choice of projection radius R vs. model performance for eICU (left) and Lacuna-100 (right).
eICU Dataset

R Train Error Train Loss

1 0.403646 0.679236
2 0.394975 0.647507
5 0.313513 0.588481
10 0.308939 0.581918
15 0.308907 0.581422
20 0.308907 0.581422

Lacuna-100 Dataset

R Train Error Train Loss

20 0.502000 0.693194
30 0.059719 0.148735
40 0.003563 0.013695
50 0.020094 0.058069
60 0.012969 0.045947
70 0.012969 0.045947
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Table 4: Choice of batch size b vs. model performance for the eICU dataset.
Batch Size Train Loss Train Error Validation Loss Validation Error

5 8 0.416120 0.250000 0.583045 0.308373
4 16 0.513511 0.250000 0.582881 0.308373
3 32 0.493724 0.250000 0.581867 0.307314
2 64 0.551778 0.296875 0.581444 0.306467
1 128 0.557833 0.265625 0.581424 0.306425
0 256 0.588656 0.313111 0.588421 0.309813

Table 5: Choice of batch size b vs. model performance for the Lacuna-100 dataset.
Batch Size Train Loss Train Error Validation Loss Validation Error

5 8 0.315790 0.250000 0.244619 0.096125
4 16 0.098530 0.000000 0.184725 0.074375
3 32 0.020336 0.000000 0.201231 0.056375
2 64 0.010567 0.000000 0.220710 0.049125
1 128 0.000255 0.000000 0.342793 0.051500
0 256 0.126300 0.048500 0.230133 0.093125

C Additional Discussion of Related Work

Certified Unlearning. Beyond the general settings considered in this work, certified unlearning
algorithms have also been developed for specific settings, such as linear and logistic models in Guo
et al. [2020], Izzo et al. [2021], graph neural networks in Chien et al. [2022], minimax problems in
Liu et al. [2023], federated learning in Fraboni et al. [2024], adaptive unlearning requests in Gupta
et al. [2021], Chourasia and Shah [2023], and online learning in Hu et al. [2025]. These works do not
consider general nonconvex settings.

While working on this manuscript, we became aware of Ullah et al. [2021] and Ullah and Arora
[2023], works with similarities that are worth clarifying. This work treats certified unlearning
algorithms, where the output of unlearning and retraining are each governed by some probability
distributions, and these two distributions are (ϵ, δ)-indistinguishable. While this may seem similar to
the definition of TV-stability in Ullah et al. [2021] and Ullah and Arora [2023], these works actually
treat exact unlearning algorithms – i.e., unlearning is exactly equal to retraining from scratch – and
they leverage TV-stability in the analysis to achieve this goal. This is reflected in the unlearning
algorithm in Ullah et al. [2021], where the parameters, batch samples, and noise are saved at each
step, and upon unlearning they revert to the exact step where the deleted sample was used, and
recompute additional descent steps. Their computational advantage holds in expectation, with respect
to the probability of recomputation, which grows with the number of training iterates T . In contrast,
the number of rewinding steps in K R2D does not depend on the exact sample deleted but rather
on the computation budget. Therefore, the computational advantage is deterministic, and the model
parameters at only one step need to be saved.

Differential Privacy. The concept of certified unlearning is directly built on the existing mathemat-
ical framework of differential privacy (DP) developed in Dwork et al. [2006]. DP formalizes privacy
guarantees by leveraging noise injection to limit the impact of the inclusion or exclusion of any one
data sample on the output of the algorithm. The level of privacy is controlled by the parameters ε and
δ, as stated in the definition below.

Definition C.1. (Dwork and Roth [2014]) A randomized algorithm M with domain N|X | is (ε, δ)-
differentially private if for all S ⊂ Range(M) and for all adjacent datasets D,D′ ∈ N|X |

P[M(D) ∈ S] ≤ eεP[M(D′) ∈ S] + δ.

A common DP technique is the Gaussian mechanism, which scales Gaussian noise to the deterministic
global sensitivity, a worst-case bound on how much the algorithm output shifts when the underlying
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dataset is changed (Dwork and Roth [2014]). This technique has been applied to privatizing determin-
istic functions such as dataset queries or full-batch gradient descent, as well as randomized algorithms
such as SGD as in Abadi et al. [2016], Wu et al. [2017], Zhang et al. [2017]. In particular, to bound
the sensitivity, the well-known DP-SGD algorithm from Abadi et al. [2016] clips the gradient at each
step to minimize the impact of any single data sample. Alternatively, the black-box SGD algorithm
from Wu et al. [2017] requires a uniformly bounded gradient and strongly convex loss function.

Biased SGD. Our work relies on interpreting the certified unlearning problem as a form of biased
or disturbed gradient descent. There are two complementary viewpoints in the literature. First,
several works analyze biased SGD from a classic optimization perspective to achieve convergence
to a minimum or stationary point. Typically, these works establish minimal viable assumptions on
the bias or noise to achieve convergence. For example, Demidovich et al. [2023] summarizes biased
SGD results for nonconvex and strongly convex (or PL) loss functions. In addition, Hu et al. [2016]
considers bandit convex optimization with absolutely bounded bias and on a bounded convex domain,
and Driggs et al. [2022] considers biased SGD schemes that satisfy a specific “memory-biased"
property, like SARAH and SVRG. In our work, we utilize the groundwork laid in Ajalloeian and
Stich [2020] to show unlearning for D2D on strongly convex functions.

The second viewpoint of biased SGD is through the lens of nonlinear contraction theory as established
in Kozachkov et al. [2023] Sontag [2022], characterizing the bias at every step as disturbances to a
noisy gradient system. The trajectory stability, which determines how far a gradient trajectory will
diverge when disturbed, can be used to bound the distance between SGD training on two different loss
functions. We leverage well-known properties of these systems to analyze stochastic R2D unlearning.

D Limitations

There are several limitations of our work. First, the reliance on the Gaussian mechanism requires
the noise to scale with the dimension of the parameter space, which can cause the noise to become
prohibitively large for large models. Second, the results for unconstrained SGD require knowledge of
the interpolation constant, which may not be easily determined if the model is not overparametrized.
The same can be said of constants such as the Lipschitz smoothness constant, which may need to be
estimated. However, the fundamental principle of indistinguishability via Gaussian mechanism still
holds, even if the degree of certification is less precise.
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